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Mu'*lvarla*e Profile Analysis of Spllf—SplIf Plot Deslqns
and Growth Curve ‘Analysls of Mulflvaria+e Repea?ed Measures Des!gns1

Noll H. Timn
"University of Plttsburgh
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I introduction
' A classlical unlvérla*e'mlxed model'analysis of a split-plot design as"

discassed for example b;\belsser and Greenhouse (1958) GreenhouSe“and Gels-,

ser(1959), Kirk (1968, b. 250), Myers (1966, p. 223) andJWIner (|971, Be

250), among ofhers, Is famittar to most experlmenfers. The classical mixed

|tnear model for the deslgn Is

e Yy T wreptey (“B)lk+s(l)j+e(l)Jk

where, ‘ .
p  Is an arbitrary constant, ’
a; Is the effect of +he J+h troatment group which Is constant for

all subJecf wlfhln treatment group 1,

:t

Bk . 1s the effect of the kP profile ¢ondition for ali subJec?s, .

(aB) ls +he ln*erac+|on effec+ of u' and Bk’

Tk .
Sty Is the componen+ assoclated with subjec+ J» nested wl?hln “l’
. ,.and ) :
(1) Jk Is the error component for subject ] within treatment group 1

o iy ’ L
for the kM proflle condition. o

In additlon, the random components S(1)y and €1y gk 2 assumed fo be

Jointly Independent and normally distributed:

Sty

Lol

. & IN(O, po?)

: Q lpaper presenfed at the annual mdeflnq of The Amerlcan Educaflonal Research
[]{v(}oclafion, Chicago, |!}inols, April 1974..
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e(l)]k A IN(O, ([=p)a*®) ‘ ~ .

Thus, the variance-covar!ance ma+rlx T has fhe form
I = podl + (l—e)czl = cgJ + cél

where J Is a matrix of unlfles and I Is an ldentlty matrix so +ha+ z saflsfles
the compound symmetry assumption. Although the compound symmetry assumption
is only a sufficient condition %or exact unlvarlafe;F-fesfs and not a.neces-

. sary condITIOn,'gs Shown by Huynh and Feld+ (!970) 10 analyze splif-plof de-
slqns, It ls the one most offen assumed by researchers. When £ fs not of the
approproprlafe form for a unlvariate mixed mogel analysfs, a multlvartate
analysls of the data Is mos+ approprlate. Koch (I969) reviewed the parame+ric-
and nonparamefrlc multivariate analysls procedures one should use to analyze.
the spllf-plof design qiven In (l) uslnq the class!cal mul*!varlafe Ilnear
mode! for arblfrary z under normal ity and nonnormallty. More recen?ty, Timm
-and Carlson (1973) demonstrated, followlng Beck (1963a, 1963b), fhe corres~
pondence between unfvariate and numerous‘mulflvarlaTe tests emp!oylng a multl-
variate full rank |Inear ;odela, In this paper we extend the work o; Timm and
Carison (1973) to spllt-spiit plot designs.and also show how the groh%h'curve
model Introduced by Potthofs and Réy (1964) and studled by Khatri (i966); Rao -
.(1965, 1966, 1967), Grlzzle and Allen.(i969) and Eletnbaum (I973a), among
ofhers, may be used ‘to analyze split-ptot and split-split plot designs wlth

'mulflvartafe repeafed measures

2. Analyzing Split-Plot Desldns

| Before dtscusstng spllf—spl!f olof des!qns, 1+ ls conventent to !nfro—
duce some no+af!on Involvlng the analysls of splif—plof deslgn and to review
the correspondenCe_befween a univariate and mulflvarlafe analysls of these

O
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deslgns. The adaptation of fhe‘agrlculfuraf spl1t-plot desiagn to the behavi-
oral sclences may be separated Into two categorles; split-plot proflle anal-
ysls repeated measures designs and splff-plof trend analysls repea}ed mea-
sures deslgns. Using Flgﬁre | to makerfhe distinction between the. two types
of spllf-plo+ repeated meésures deslians, we say that we have a proflle analy-
“sis 1f the levels of B are.néf ordered aﬁd.a trend analysls 1f the levels of |

1

B are ordered. The s; In Flaure .| Indlcate that sublects are measured re-

peatedly oveg‘all levels of factor B, but that the subjects wlthlin each level

-~

of A are dlfferent.

B (Condf*lons)

A
(groups)

Flgure |. Split-Plot Repeated Measures Deslgn

A

R Since Timm and Carison (1973) only consldéred the ;orrespondence be-
+ween untveélafg_and mul+!vafla+e~analysls of ‘repeated measures proflle data,
we shall Brlefly rev[ew the qéfnespondence between unfvarfafe and mul?lvari-:
ate znalysls of both ?Ypeéjo;Adafa. For +ﬁjs purpose, the data glven In )
TaBIe I, from Kirk (I968,lp. 274), aré reanalyzed. Thé;ddlvarlafe profiie
and trend ahalysls 6f.+he data are dfspléyed In Table ZIapd_Table 3, respec-

+Ivel9.' For elfher'analyslsifhe scores assoclated wlth factor B are assumed

to be ‘commensurab le, expressed In the same units.
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Table |. Kirk's Data
. L .
B, B, B
s| 3 7 7
s, | 6 8 8
- Al .
53 3 7 9
Sa 3 . 6  8
! \ 5 . 10
1
) 2 6 10
A, | 4
]
e S3 2 5 9 .
> ' > i
) Sa 2 6 1
( Table 2. Unlvariate Profile Analysls
Hypotheses SS DF MS F p-value
I. Constant 924.50 | 924.50 | (-'3-)"=?592.63 . < .000|
2. A p 3.3 | 313 (%) = 2.00 0.2070
3.S(A) > bew 9-38 -~ 6 o |.56 4
4. B 19450 | 3 | 64.83 | (2 =27.88 | < .000|
5. AB 19.38 3 6.46 "‘(%) = 12.74 0.0001
. 6. Error 9.13 18 0.5 ‘
' N,
. . >
7. Total 1160.00 32
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Table 3. unlvariate Trend Analysls —
Hypotheses SS AF MS p-value ’
|. Constant 924.50 | 924.50 (5 = 592.63 | <.0001
2. A 3.13 N & = 200 |o0.207
3. S(A) 9.38 6
. J’. N _ i
4. B 194,50 3 64.83
5.  Llnear trend 184.90 184.90 (-,-3-) = 182.71 | <.000!
6. Quadratic trend 8.00 8.00 | (= 25.64 | 0.00.
| » L _,
7.0 Cublc trend 1.60 1.60 | (;2) = - 8.16 | 0.0289
8. A8 19.38 3 6.46
9.  Linear trend - 13.23 13.23 | (3 = 13.07" | 0.0112
10.  Quadratic trend 3.13. 3,13 (%}) -~ 10.02 | 0.0195
1. Cublc trend 3.03 3.03 | (1) = 15.43 | 0.0077
\2. Error 9.13 8 0.5!
(3. Linear trend. 6.08 6 (.0l
14.  Quadratic trend .88 6 0.3l
15. TCubic trend- 1.18 6 .20
6. 1160.00 32

Us!ng the resfr!c*ed full rank linear model, as developed by Timm and

Carlson (1973, I974a, |974b) ?o represen+ the classlical spiit-plot repeated mea-

sures design, (1Y, the res*rlcfed full rank {inear mode | for-fhe-deslgn Is

T
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7o Vi T Mgkt g
- ] ' '=|) ooo‘) I; J=l’ seey N'; k=', ceoey p., V
subject to LN, =1)(p=1) = (N-D(p-1) Iinearly Independent = © .
: ; -

. N
restrlcflons N

iy "'J'k “Uk'*“u'k' =0 I
where I 1§ the treatment group Index, J I's the subJecf Tndex, with subJec‘l's‘ O

nesfed withlin groups, and k 1s the repeated. measures lndex over p proflle con-
dlflons. For a trend analysls the restrictions in (2) are. modi fled, Table 6
The hypo+heses belng tested In ANOVA Tabile 2 are shown In Tabje 4. The popu-
- lation means. assozliated with Klrk's data are glven In Table 5 where the fami-

Itar dot notation Is used to represenf averages.

_Table 4. Unlvariate Proflle Analysls Hypofhesés
Source Hypotheses ‘ .. DF
Constant u = d 7 | | ‘ |
A alliyg 's aré equal I-1 I
SIR) =TTy, B Wyp, = 000 = “m"
poreomo e
) R , e, ,
. . . H . =qu . = ece = )
L | .~ 12 , /%I. L .
8 - all u__'s are equal p=1 :
’ "k /g . . - o .
AB SR TR TR T AL TRRRAL S IS CID ol v e
, - e e . el . %
Error. [ u!Jk-u‘J'k-u‘Jk'.’.u‘J'k' ;‘= 0 (N'I{)(p'l)ﬂ cTe . a
. " : Y .
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f | Tabie 5. Pobulation Parameters for Kirk's Data

B : ‘
i B, B, By B, (Means)
rm~ s - ’ .
~ 8 LR BT (72 LT I Y PO LT -
o e %2 fowel | M2z | Wizst | viaa | M2,
' A - SRR A
°3 1 Wiz ] Wiz W33 ) wize | Wys,
S4. wigl | Wia2 | Maz | Wias | Wa
"”eans} SR TPV RS M3 Wiag | M.
.| ' ‘ : ' . o .
I V210 | Y212 | Y213 | V214 | M2y
1 ‘ : . o
%2 - ¥22 V222 | V223 V224 | V22. .. \
A B [ ’ : CI . :
2 S3 gz | v2zp | W23z | wasa | M3l
°4 Y241 | V242 | V243 | V244 24.
. I 2.1 | ¥2.2 | v2.3 | M2ua | Ma..
(Means) |. N

u.o.l u.nz ‘, u.-3 u..4 u"'_
Using the means In Table 5, the hiﬁpfheSésifesfed in Table 3 are
- summarized In Table 6;-+hosé 30urces,n6+ sﬁbwn in Table 6 are Identical to-

the expressions glven in-Table 4.
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1
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. 'QUadraflc frend

AB
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Llnear frend
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Error ¢
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Linear
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. Following Timm dnd Carlison (1974a; 1974b), (2) Is written as follows:
A : o ' '

. : 3:: Y = W A ' S 5

N S n n ~

A o Nx1 Nxp pxl NxlI
3 " subject to-a set of restrictions

' R' po® 0 . i .
5 : ~ . :
.o - . s Xp p x 1 ¥s ‘x|
The form of the hypofheses In Ta!;les 4 and 6 s 7 .
(4) ot Mz . C! // g = O . o
. § ‘ SR '\,l v,xl N
. : : g gy XP P X _ B I
/o : o . h % AR

The hypo+hes|s sum of §quares, SSh, for each hypofhesls has the general form T

T -1 -p

(5 s, = (c',gﬁ)'(c'(ro F1e)] (C'kl?i)
. Where . ,A ) ‘ 'v‘ .f,‘. . ‘ ‘ B
® -, o | “?i = (1-07'R(R'D”'R)” 'R'n)_}:,ﬂ b
= F“n ' SR o

5 . -

D= Wt and o = Gt wiy = 0"

~ fixed effect model, Is

o s, - ‘X‘“’“?i"‘%‘w .35)

The degrees of . freedom assoc!afed with any SSh ls “h’ the full row rank of C',

i

~ and the degrees of fioedom for SS Is Vg © N-p+s where N{Is fhe total number

o

of observaf!ons, p s the full column rank of w{ and s !s the full row rank of

R'.

If?@he varlance*covarlance mafr!x z for the dafa ln Table l Is not of |
fhe proper form for a unlvariate analysls, “the oorrecf analysls of the data

: -/
Is a mul?lvar!afe analysls. The adVanfaqe of +he mulflvarla+e analysls over

S

‘ 1 the univariate analysls Is *hai fhe analysls !s valld whefher or nof £ safls;y'-.ﬁ-

fles fhe compound symmefry assump?lon.' ln.addlflon,-unlvarlete'fesfs are

W'y, The'eumfdf'Equares for error, under a
B _ S —



10 a .

easlly obtained from some mulh'i"lvarla're 'res'rs.' To analyze sle‘-pIo‘r repea'red

»

measures da'i‘a uslng a mulﬂvarlafe model we agaln mus*t' have commensurable

: unH‘s over condlﬂons, facfor B fur‘l‘hermore, +he number of subjec'rs within

R}

each level of A musfbe greater than or equal to the number of times the sub-~

i

Jects are observed'dve_r the ré'peafed measur_:es factor.

The. re§1:r1c+ed ful'l rank multlivariate |lInear mode! 1s N
| Y = W u -+ 'E,o
- R xp Nxq gqxp Nxp
(8) . slbject to the restrictlons .

.,R\ U = 0. - D
| rxq-.qxp rxp )
'whe';f'e Ylis a ~d$+é matrix, W%_l's-'a Known fuli column rank des.lgn'_ma'rrix,' Uls
"én unknown vparame'rer mat i x bf populaﬂon means, and E, !s the random error
matrix. The ma'rrlx R' of full row rank r IQs the res+rlcﬂon ma'rrix.‘ Remov!n_g'.
the res*rlcﬂons from (8), the unrestricted multivariate 1inear mode | lslre'p-::
Fesen'red_by_ o - . - | . e "5}?’»;«, L . |
) . ey = WU+ E, - - :

‘In g}ther case, we assume that each row ,veq"r'or‘ InY follows a mul'l-lvar'-la'l'e nor- - . :

. . . ' . 7.

‘ma! distribution and that S -

, ‘ CE(Y) = WU
(10) | .

Vo = 1 a r e

v

\

" To Fest hypotheses of the_ ,vfoi;m_
_ . et
an et L HCWA=O

)
'

under ?5 where C'(\,h xq) Is a known ma+rlx of real numbers of rank v <9 and

Alp x 1) ls a known real ma'rrlx of rank 1‘ X P, hypofheses and error sum of

f‘l“

squal'es and produc*s ma'rrlces of the form : . o /o



v

12)

-IF')C)-'(C'GéA)

s, = cc'éaA)i(c'(ro
s, = AT(SS_)A

are constructed where

SSe (Y-WU&)'(Y-WUB\ : ~

03 = (10" Rero7 R R')U '
(13) o .
. . = FUQ Y
U = (wh)” -1, wy s 0wy
ﬂr' o \

'7te++1nq e mln (t, v ) mul*|Varlafe hypofheses of the form glven tn (11) are

dlrecfly *es#ed using several. mulflvarlafe cr|+er|a which are functlons of +he

roots.xl, 12, *++, and ls,of the de+ermlnan?a| equa*lon
M _ .

w

RO s Isymas ) = 0

[N ". -
A brlef review of several mui?lvarla+e crlferla Is con*alned In Tlmm and Carlson

(|973), For the purposes of this paper, we'shall use only Wilks' A—crlferlon

b2 -

- : o ls L#_.mes ',W_, e
" 'S +Sh‘ ! ‘=‘ L

o

The muitivariate hybofhes[s Is rejecfed,lf~

N v

(16) S A< Uc(f,:vh,:vé}. | L

=

where'ee's N-g+r Is the degrees of freedom .for error,“A general dlscussion of
-’ s‘ A “

multivariate criterla as-well-.as ?he'consfruc#lon‘of sImultanedus confldence .
- ’ T e s B ' B

bounds for functions of the form ¢ = g'Ug of the elements of U are discussed

In Tlmm (1974). AAgeﬁeraI-apbroach for 1nve$f|qa+an érbl#rary-¥unc+lons of .

the elements of U,.USlng a multivariate simultaneous test procedure, has been

/] developed by Mudholkar, Davldson and Subbalah (1973) Percenfage polnfs for .

+he general U-d!s*rlbu*!on have been fabled by Wal! (1967).

%



n .
To test hypotheses undar @ or q, gliven a parameter matrix U of means,
 we merely have to construct matrices= C' and A to represent the hypotheses..

The general form of U for a. mulflvarlafe analysis of a spltf—plof deslign !s j

(v w ey, |
. v u cese M
(un u = 2" 2 . Yz
Ix p [y . [ ] [
LUI| ulz XX ‘u’ .

To analyze a spll+t-plot deslign using the mul+lvarlafefﬁbdej, the unre-~
stricted full rank multivariate model Is employed. Mﬁi*lvarlafe tests of A, |
8, and AB, differences. between groups, dlfferences among proflle condlflons, :
and the Interaction between groups and profite cond!flons, respec+lvely, are

represented by

, ( ) Y )
{ My r“‘21 | 3§} _
- . A*: = = eee B - ‘
¢ ’:‘ ” \ ulp J \ u2p J L \ qu 4
r ~ ( - ' : )
My ¥12 | Yip
wp | M2 | H2p
sy B¥: | = = .. =
S VA ¢ “rz J { “jp ]
. z 1 . 0w ) '~‘f - Ty
| YirY2 Ha)™¥2 | \ 11712
§ {
S MWz | | M22TMes L H127¥13
(AB)*: =1 O m e = 1
: Nt ' . o ‘ RN * ) . ' r - T— .‘
‘ M- Mg 0 U pany™V2p WM GanTVp )




when proflle data are analyzed. As shown by Timm and Car Ison (1973), only

the unlvarlate test of AB can be recovered from the mulflvarle+e test (AB)¥,
provided the post matrix A, when stating the hypofhesls In the form C'UA = 0O,
Is appropriately normallzed. This Is not the case for the tests of A* and BX.
The univarlate tests of A and B cannof be recovered from the tests of Af and

B*, Al?ernafively, If the test (AB)* Is not signlflcant or 1f we Ignore the

~ possliblilty of an Interaction between A and B (groups and condlflons);‘*he

+es+s-of A and B are wrltten as

N > P
: u = Iy p = oo =
LI RN = i 1y
(19)
' I I 1
B: II/I Z "IZ/I £ of°"= b3 "ip /1

1 f +here are an equal number of subjects In each qroup.
' of A and B, the unlvarlate tests of‘Afand
- “¥he post matrix A In +he hypothesis, C'UA

" That 1s, A must be normallzed so “that A'A.

I-I
vFﬁbm these statements

B are lmmedla*ely obtalned provlded

0, ls approprlafely normallzed.

= I, Several ofher mulflvarla*e

tests are also fesfable using the mulflvarla*e represen?aflon for equai and
unequa! numbers of subJecfs within each level of A however, these are dis-
cussed In detall by Timm and Carlson (1973) and will not .be consldered here.

To Illustrate how we would test A%, B* and (AB)*,_K!rk's;dafa are re-

analyzed. For Kirk's data,

u= | M Mz iz e

Mgp  Mgp Maz My

- . are selected,

To test A*, the matrices

Cl

A% = (|

To test B¥, the matrices

!

-1) and A=1

2



(1 0 0)

o 410

\ Chx = I, and A = e o
L0 0 -l

. [ 1 0 0]

: -1 I 0

" Ciagyx = (I =1y and A= o -1 '
.0 0 -
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.
Table 7. Multlvariate Profile Analysis I
" Hypotheses MSP £ SSP/v DF A p-value
[ 8.00 (Sym)
A* 4.00  2.00 , 1] 0.137 0.1169
6.00 3.00 4.50 ,
| -8.00 -4.00 -6.00 8.00
[ 3.25 (Sym) )
B 7.75 30.50 2 | 0.004 0,0002
| 11,75 28.50 42.50 | " |
| (.2.00 (Sym) ) “
(AB)* " -1.00 - 0.50 | 0.144 | 0.0371
| | 7.00 -3.50 24.50 |
Erroﬁ f ',,» L » - _ S A A
T T 1. f t.250
’ - . - !
- 0.667 0.667 )
A% , 6
0.583 0.333 0.500
| 0.000 -0.167 ™ 0.167 0.667
: { o.583. (Sym) ] - T
B* -0.250 0.500 6 o
| 0.083 0.167 0.833 | v
| ( 0.583 (sym) ) .
(AB)* -0.250  0.500 | 6 '
' | 0.083 0.167- 0.833

Alternatively, testing A, B, énd_

the fol lbwlng matrices are employed




.
_,f.,_|‘
T
|
. : T
'CA:(l'-!)andA=
. 3 1
7
: | : Ly
' LZJ\
( 0.707107 ° 0.408248  0.288675 )
- | O | -0.707107  0.408248  C.288675
Cé= (-i- -2-) and fa= ' . -
: . 0.000000 -0.816497  0.288675
) , S
0.000000  0.000000 * -0.866025
T ([ 0.707107  0.408248 . 0.288675 )
_ -=0.707107  0.408248  0.288675
CI'\B = (i =]|) and A = ‘ ' .
.| ©0.000000 -0.816497 0.288675
| 0.000000 0.000000  -0,866025 |

L 3

The MANOVA table for this analysis Is displayed In Tabie 8.




8. Multivariate Profile Analysls II

Table
Hypotheses MSP = SSPA DF A p-value
A 3.125 I 0.250 0.2070
_ [.}2.250 ~ (Sym) .
B 10.825  52.083 3 0.027 0.0014
| 17:759 . 85.442  140.167
[ 1.000 (Sym}
AB 0.000  0.000 | 0.144 0.037!
' | 4.287  0.000 18.375
Error R -
S i DL1-3. SR ) 6
[ 0.292 (sym) ] .
B 0.024 0.264 |
| 0.068 0i334 0.965 ]
o [ 0.292 (Sym) )
AB 0.024° 0.264 |
{ 0.068 0.334  0.965 |

¢

From the entries In Table 8, Thebunlvaflafe F-ra*los for testing A,«B
and AB are lmmedla*ely obtalned by averaging the dlaqonal elemen*s In the MSP :

: mafrlces, the corresponding dlaqonal elemenfs In The error mean square and
5. 4

' producfs mafrlces, and forming fhe raflo of +hese averages, Tlom and Carlson'

(1973). That Is, o

3,125
FA=.=

= 2,00~ F(1,6)
|¢563 . :




194.50/3 64.83

1.521/3 0.51

19.375/3  6.46

Fap =

17521/3 1 0.51

F o= = — = 127.88 & F(3,18)

= 12.74 ~ F(3,18)

The‘hypoTheSJs and error degrees of freedom for each univéffafe Ffrq*lo are

~ obtalned by mul+lplying the déqrees of freedom for each multivariate test by

the rank of +hé post matrix A correspondlng:fo the fesf. Hence, for the ratlo

L%

-

Fg the unlvariate degrees of freedom are

vBR(A) =1.3="3

i Vp T
: v RM =6 3 = =18

var1afe~can~be~exﬁ?§§ééu ©s a I!near reqress!on model of the form

KThe o*hers fo||ow slmllarly.‘_

To lnves+lqa+e *rends In Spltf-p|o* deslqns, Po**hoff

'=mu|+lv¢"la+e unresfrlc*ed full rank Ilnear growth curve model

(200 1. Y =W B . P 4+ Eb
) Nxq Nxa axp pxqg Nxgq

Is employed where -
E(Y)) = W8P
Wy, = IN Br :

The matrlk Y, Is a data matrix, W Is a known’ full rank deslgn ma*rlx, B Is an

Roy's (1964)

unknown mafrlx of reqresslon coefflclenfs P ls a known ma#r!x of rank d < q, :

' ‘E ls fhefranaom error ﬁafrlx, and fhe rows of Y’ are—tndependen*ly normally

N

dls?rlbu*ed Impllcl* In the model Is fhe'assumpflon ?ha* each vec*or response _

Y|=PB'+'€'
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where x'(q x 1) is the observation vector for the lfh subjecﬁ'and'e' is a
! 7 N
vector of unknown regression parameters.
=~ To reduce model'TZOY’fo'méaéT"(Q), Potthoff and Rcy sugoested the fol-
} lowing transformation of Yo to Y,
@n ey =vgTleresTlen
- where G(q x q)‘!s any symmetric positive def}hlfe welght matrix elther non-
stochastic or Independent of Y such +ha+_PG']P' Is of full raik. Slnce W has
full column rank, aﬁ unblased‘es*fmafe.of B, ander the transformation, Is
2 8= ww Ty g7 leies ey
. Under iheJirans#erma#%on;~each-row46f_YfTg"ﬁé?méTTV*HTéfrlbﬁféa with variance-.
covariancé matrix _
I “é’(ﬁG‘Jﬁ')niﬁé;Ti;;;r;Ti;G P b -
P Xp
'hOWever,mfhe minTmum varlahéﬁiunblased estimator of B']s
n i1 o P -1 .
= ' ' ! ' _ ;
(23) \,_B (w W) W Yo;o P,(PEOP ) .
This Is unfbrfunaquéﬁncegzo Is ushally'uqknown 1n_pfac*lce.

R T
B

Notlce however, that 1f p = q, the transformation defined In (21) re-

\\§\\;\‘ duces -to | S h o
‘ ‘ N 2 2L
A : _ T o

(24) = ‘
. . . [
. L . : . S
-f\;;\}} + +here,i§_no need to choose G. . Bock (1963b), developed a procedure for . .-

this case™usling orthogonal pSlynomla!s.

however, the cholce of G .Is Important since It affects the f
he Wldfhé of~confldence'bands, ‘The varlance of the estimator
| .

power of tests and

B'[néteases af_s..G""| departs_from Z; . - A simple cholce of 6 s to set 6 = I.

E T Ny
(25 SR !

P (PP!)”
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“Such a cholce of G will éerfalnly sImpiify one's calculatlons; however, It Is .
" not the best cholce In terms of power sfnce'lnfohma+|on I$ lost by. redicing
\Yo to Y~uﬁles$ G 1s set equal to Zo. Thls suggesfs‘cbfaln!ng an es?fma+é 6f
L, based on}fhe“dafa;, Khatr! (.1966) showéd that the haxlmum ilkéllhood.esfl-

mator of B-1s glven by

.

lor¢pp=ion
P (?EO»P )_

(26) . . B eJ(WfW). W deo

where o s the maximum |lkellhood estimator of i; deflned by

~ —' ’ -l R
= Yé(I-W(w'w) w')YO/N

.Alternatlively, we could have used , . =

I ' A k e A

= Y'(I;W(w'w)' WY . or S'='S/(N-l)

1 lnsfead of z slince B does no+ chanqe for +hese esflmafes. -

| To avold .the arbltrary selecflon of the ma*rlx G under +he Poffhoff-Roy
modél, Rao (1965, 1966) using the mefhod_of coyarlance adJusfmenf showed how
addl+!onéldinforhaflon 1n fﬁu'sample-Yo could be rééovered'uy fncbrboraflng

>|n+o +he'growfh curve mudel (q-u) covarkafes;” Héwever,vi+ was Grlzzle é;d
Allen (I969) +ha+ unlfled +he prevlous approaches. ‘They shouéd hou Rao's re-_"'
stits uslng a covarlance model were !denf!cal +o Khafrlfs result, and de- |

: _scrlbed a procedure for using s?ochasflc we!qh+ mafrlces other +han z -t lf |+

was deslrable. } o ;‘;A' - }ﬁ BT |

In summary, when p- < q the Po++hoff Roy reducflon uslnq G = I is equl--

cgﬁvalenf to not using covar!afes ln +he Rao-Khafr! formula+lon. 11.*he welght
matrix G'= ‘o Insfhe qufhoff—Roy +ran§formarlon +hl5‘ls equlvalunf +o using

“q-p covarlafes‘fu the RéoiKhéfrl‘redu¢+t6n. When p = q the’ Rao-Khafrl proce- .

‘ dure Is not appllcable slnce +he Pof?hoff-Roy *ransformaflon does no+ depend

on G, That_ls, the esflmate for B obtalned by Rad using (q-p)ucovarla*es,;by L
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Khatrl using the maximum [1kelThcod procedure and by'Poffhgff and Roy welghting

by G"| = 5;' are (denflcal. The varlaﬁ;e-covarlanée matrix of‘é Is glven»by

E R . . _4| N-q=1 - -1
27 Var(B) = (W'W) ~ & (PEO P').

N-g-g+p-|

Rao (1967) and Wlltiams (1967).

3

Hyp?fhéses‘of Interest unqgfﬁfhe growfh:curve'modej are-usual ly stated
) ) R : d N - - .
In the form ‘ ' E SRR

<

(280 ~ H: C'BA=0

where C' (v, x 9) Is of full rbw_raqk vh.and,k(p x +) Is of full éolumndrankAf.

Ustng Potthoff and Roy's (1964) procedure for testing H, +he data mafr[x Y,

Is +ransformed to vy uslng the +ransformé+lon

— e —— I R PR

I =1

=Y, 6P (P6" Py -1

and hypothesls and error sum of squares and products matrices become

S

" (cram et iw~loy” '(C'BA) |

(29)

< s = ATYI-HONW) 'w')YA

e
The hypo+hes|s Is rejecfed Hf A

' A < U (t, Vh. V’)
where Vv = N-g;' Howéver, Po*fhoff‘and Roy s formula+lon dées not allow G ?o ) T

be stochast!c unless 1t Is Independent of Yo. That ls, G must be chosen In-

- dependent of_fhe_experlmen*al'dafakunder anesflga*lon. Hence, we ﬂay not se+

) G=£ . . ) -
Alternatively using the Rao-Khatri reduéflohwmwe mayfseleéf'io = G; how=
- ever, then ' ' ’ oo
o 5, = (C'BA)'(C'R)'(C'BA) o .
5, = A'(Pz P')

)
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and ' o ) ) . .
R = ‘(W'W).-|+(W'.{V)-Iw;Yb(§;|f2;|P'(‘PE:P')-'PE;')Y(')W(W'Wf' o
The hypo+he§fs lls rejected us!ng "I'h;s.prbcedure 1
» ‘A < .U‘!“_" "vl.'u_’ ve-) o

where V_ ='N-g-g+p. If p =g both proqedurés alve ldentical resuits.

e To- analyze: KIrk's-data-ustng-the growth curve-model - the model -Is- - e

Yy = W B P + E . g
6x4 Bx2 2x4 4x4 x4 |
1€ Qe assume that p =-q where | ‘
(3 4 7 ﬁ7>’__ (1 0]
- - ‘4“6_ \3_‘ Ev 8 I 0 *
e §_“_ :t:::::uf:_ﬁ.-g:.: R
‘" 503 6.8 .“i LN R LT B2 B3 ) -

| 2.5 10} - 0 | Bag - By Bap  Ba3

2 36 10 o |

2 4 5 of Lo

2 3_,6'-IIJ | Lo'rlj ) |

Using a matrix of normalized orthogonal polynomlals for the r_na'i'rl'x.’P,

-

r c5_ ’ . .5 . .5 - - ) 05.
L | -.67082 -.223%|  .2236] -.67082
G P = -

' ) L ' '5 "¢5 -05; ) '-¢5

|\ -.22361  .67082 -.67082 .22361 )

The functional form of the polynomial fI+ to the data using (31). 1s B

3 e g s 25 ~ [ x2-5x+5 [ 10x3<75x24167x-105 )
E(v ;) = Bolx) +Byy — { + Bip | ——— 1+ B3 | —— R
' 2q L. 2 - 3/50 B
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for x=1, 2, 3, 4. »AlfernaTIVer, an unﬁormallzea matrix of 6r+hoqonal poly-

'_ nomials could have been used. Thene

[ | ! | 1) :
‘ -3 -1 1 3
P =
) , Y R ; _ ) ,
’ - | L,_' 3 -3 ';J | . /_,/

and .

~

. - PS ~ . v— S 2 _ » .~
E(quj) s'O‘+va'|(2x 5) +-312(x 5x%+5) + B3

10x3=75%2+]67x=105
) i {
. 3 - 4

&

for s = |, 2, 3, 4.‘-Flnally, If a Vandermode matrix Is used,

-and
) » - A"\f-;,\,k‘av . A 2 " A 3 .
E0o1g) = Bro ¥'ByyX * 8y%° + 83",

for x = 1, 2, 3,.4.  The reason for selecting (31) for P Is that the transfor-

- mation from Y, to Y becomes V :-’
(32) ' : . . Y=YP. =YP

R S . 0 o

‘since P I's an orthogonal méfrlxk/yFurfhermore, : <:._'_ . -

I3 ) I

-'W'Yépﬁ =Y.Pe

B = (W'W)
. where Y.' Is the matflx of means. Notlce however that if p <q,G6=1andP Is

defined as In (31) with



N

T~

26 Y ’ - SN

:,. ) ‘T j- e
’and_P}(p x q) the flrst p rows of P that the transfornation from Yo oY Is

)

=y prepy =y pr '
ol I ol :
. . i S .
' so that .~ i L A
B = Y.P;

- . . -t
v

whlch Is equlvalenf fo ellmlnatlnq Q- p columns of ‘B under the +ransformaflon

glven fn (32) or lqnorlnq the q-p covarlafes In the Rgo—Khafrl reducflon.' I f

" p < q.under the Rao-Khatrl formulaflon;

o
fs

- B =.Y E 'Plrb 5- P;) ) SR !
whlgh-!s.nof,fhé‘éamé as a ustng G=1. oo | \ i ‘
’ In analyzl;g-a séf]feplof deslgﬁ we flrst plot +ﬁé means. Fér Kirk's
' data, the means are pqufed In Fléure 2. . _ b
T To A2
/ - 9 t° . .
o 8 T Ay g
74+ -
’ 6-L
‘ 5 T ' x
a1 :
3 4
2 1
| 1+ ”« _
: |~ ! ! |
B, : B, . By By i
. L ,
Flgure 2. .Meahg,fOr Kirk's .Data
P s
e . -
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From Figure 2, It appears fhaf the . ¥rend for A, Is cublc but fﬁafﬁ?he trend
for A2 Is: quadratic. Thls dlsflncflon !n qrowfh curveeAcannof be mede using
mode | €20) slnce Implicit In the model s fhe assumpﬂon that the exq expecfed
value of each lndtvldual's reSponse ls from fhe same. famlly (some (p«l) deqree
polymonlal ' Thls someflmes eauses us to overflt some qrowfh cdrves. ‘Modeis
whlch avold fhls are ‘discussed by Klelnbaum (I970, |97§b).

| With fhe growth curves ploffed we can elther defermlne whefher the
. growth cur"es ‘are quadraflc rafher fhan cublc and fhen test for parallellsm =
with p - < q or we' may Tesf for parallellsm with p = q and Then defermlne +he
oy v degree of the polymonlal requ!red #o describe the growfh curves. For the

o First procedure the mafrlces to test that the cubic term ls zero are

o A rO\
. Q i 0 0
. B Cli=a and A =
| TN o 9 " B °
. TheSe are used—fe jest fhe hypefneslq _ .
S ““'Q’ ”-8|1=321F° o [T
> S . : : :
I f fth‘hypo hégls ls fenable, fhe parallel!sm hypofhesls would be fesfed by
setting' - 'b_ A .
’ ) ;‘1 o ' v " o 0 . ‘
\ o ., . Ccte () =D, A= 0 _ * ,
P . .'. . . r /
- and. . ° = ’ o . .
. R B . R T |
. G . Tp=|-67082 -.22361 . .22%61 .67082,| N

5 =5 -5 L5




26

s

wlith p < d'and G = Zo;for fﬁe Rao-Khatrl procedu?e or G = I uslng the Poffhbff4
Roy +echnlqué. Thehhypofhesls belng tested Is
8 BT
(33) Ho: {- H ] = ( 21 ]
: . L B2 B22

Alfernéflvely, we may test for barallellsm wlfhyp = gq. The hypothesls Is then

: . By 821

' ' * . -
(34) Hp. 8'2 B2
Bi1z) .| B23

. and the.matrices C' and A are defined by

[ 0 0 0)
P I 0 0
C'=@ =~1) A= o
“ L o 1" o

Using this latter pFocedure for Kirk's data,

. 11.375 ~3.522 0.375 =-1.062) -
L .o - ! = : '
/ ' - D= YQR =

10125 6.095  1.625  0.168 ’
: . ,‘9 . ' |
- s, = (c'Ba) et T Io T crBA)
= (v et ey ery.pra)
C = aevicetaewy ooy

where A* = P'A whlch satisfles the éondlflon that A¥'A% = T as.In proflle

analysls since P fs orthonormal and

“lwyy pra
: (o]

O S = A'PY'(T-W(W'W)
_ ( e o)
) . ) L] H - l
7 . . = ARVYI(Y_ ' IV »
h | ARIY (LW W) ™ WY A

by

For Kirk's data,

»
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[1.653 - (sym Y 0.759 (Sym)
S, = | 0.804 0.391 . , Sy = | 0.203 0.234

- L o791 0.384 0.378 0.034  -0.049 0.147

~and Wllks? A-critelron is A = 0.i44. Comparing A wlth the ¢ = 0.@5 crlflcal

‘value, Uu(3, |,-6) = 0,683, the paral!eIISm hypofhes!s Is not fewable The

_p-vafue—for—fﬁ““Tes*‘TETQ_— 0.0371. As expecfed, this ;;EE?;'}S Idenflca! to
the multivariate test of Interactlion In proflle analysis for the transfor-
mation glven In (32). For thls reason, the lnfere¢+!on test In profile anal-
‘ysls is of+enereferred to as the test of paralletism. S

To determine the degree of the polynomlaj:requlred to descr!be the re-
Jectlon of fhe parallellsm hypotnesis, unlvarlate F-tests are constructed by
dividing the diagonal elements of Sh-and'Se_by fhels degrees of freedom and
fore!ng univarlafe F-ratlos. That ls, beglnnlng with the highest order term,

- | 0.378/1

= ———— = |5.43n F(1, 6)

r . P
cublc 0.147/6 | o

0.391/1 :
F 2 ———— = |0.02 n F(I, 6)
| quadratic 0.234/6 -

1.653/1 L
F = = 13.07 ~ F(I, 6)
- I1near ; P
- | | T T | |
: Comparing sach F-ratlo with P, 6) = 11 09, where a* = /3 = o, 05/3 = 0.0167

to control the error rate a+ a nominal |evel less fhan or equal to G we be:
gln by fesflnq the higher order terms flrst and we s+op +es+lng when fhe flrsf.
s]gnlf!canf F-ratio ls reached. For Kirk's dafa, ‘a rublc trend besf describes :
nopperalleilsh‘ This procedure Is seen *o be ldenflcal wlfh fhe unlvarlafe
analyslis., 1f p < q, this Is nof the case.

lf the parallellsm hypothesis Is fenable, we would next +es+ to see -

whether the growfh curves are ce!ncldenf. of course, we could +es+ fhls
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without flrst testing for parallellsm.

(the cublc term belng zero, say),

Blo
(35) » Hc: By
, 812 )
e
ct= (1 -1,

P defined In (32), and G =

\\\- Roy model or the Rao-Khatri model.

N o | (81

‘ o B

{(36) H¥*. :

, c

B2

L B3 )
Then

cr= (-,

and P ﬁn (31) are used.

hypothesis A* in proflle analysls.

. \“ “_ . B 8

h HA: [ i } [ 12
8

- \ 821 22

1f p < q.\_

A=T

Anofﬁer test whlich may be of Interest when p =

To test for colncldence with p< q

the hypothesls Is.

B20
824
822

A1,
lLorG-= Eo depending on whether we use the! Potthoff-

With p=q, the test for colncldence! Is

( B39
Ba
B2 | o

L8234

4

When p = g, this test Is Identical to testing the.

q s the growth hypothe-

RARE I

This Is identical to the test of B* In proflie analysis.. This Is not &he case

| f }he parallelism hypofhesls Is tenable, but the colncldence fes* ‘Sr

" rejected, &e may sflll Inves?lqafe +trends over B wlth ?he trend- hypo+hesls
|

\
\

i |
\\ . } - ': -

|
{



‘ (38) - ‘ HT: DX Byy =

if p=gq. For thls test,

C'= (1 1)andA =

T : i CNEESE B ¢ SR S R S_—

This Is equlvalent to +he tast of 8 sfudled In proflle analysls. To see thls

~using Kirk's data, even though *he parallellsm hypoThesIs Is nof +enab|e,

23.112 Cosym ) (0.7 (sym) )
s, =| 488 1.00- - |oand Se =] 0.203 o0.238
~2.150  0.447 0.200, ; | 0.034 -0.049 0.147
et 0.05

= 0.1683. As clalmed this Is
: ed T .

so that A = 0.027 whlch ls compared *o U(3 I 6)
,’ L.

the result reported for testing B bn Table 8. 7o Investligate trend following

the test of Hf, we proceed as we did when testing for parallellsm when p = q.

That 1s, |
~ .~ 0.200/1
' -~ F = = 8.i6 & F(I, 6)
.. cubic 0.147/6
-1.000/1 S IR
F >'d +1 = - - = 25.64 n F(i, 6) -
quadratic. * . g.234/6
LEA L 23012/ |
y Fii "= = 182.7] & F(i, 6)
near 0.759/6

. . i

As expected, these reéu!*s agree with those glven In Table 3.

¥ p < q, the fest of Hy would be written as

o - 2 -2 .
(39) ‘ Hys TEIB" =4'£|5,2 = 0 ‘

1f the cublc term Is zero.




_ le#n +hqf both -the cdthc1dende’énd‘BérafléfiSm hypotheses are tenable,
we would analyze the data for trend over B with elther the -Potthoff-Roy or -
Rao-Khatr! models by treating the data s a slnﬁle groub. The advantage of .
thls procedure Is that the degrees of freedom for error aic increased s!nce'.

the variation afjrfbufed to +he group by condlfldns'varlaflon Is pooled with

N

error.

3. Multivariate Profile Analysis of Spli+-Split Plot Deslgns
The problems Inherent in the analysls of a split-plot design become
more complex In a §p|l+4shll+ ptot desfgn. The classlcal unlvariate mixed

mode! for fhe»glmplesf type of split-splitplot deslan Is
(40) - 4 yljkm = n+a'+8k+ym;(d6)f§;(dy)jﬁ+(87)knﬁ(asy)'km

5 *.5,(1>J*‘35’<1)'Jk*‘75’ (1) Jm ECH) Jkm

'1 =|, cees I g=1, i, .J; K=l veey K mely oony M
where s(m'«._ INGO, po2), ‘Bs’ctuk; INGO, 002),’ ) 1y pm IN(O, po‘z)‘,:‘.
(1) jkm ™ IN(O, (1-p)o?) and e(,)ka. (YS)(I)jm' (8£)£')JR,AS(‘)J arenijglhfly_
Independent. ifhué, the varlancé-coQaflanCe ﬁa*rlx satisfles the compound - _
syﬁmetry assumption. Assuming a 32 factorlal deslqﬁ within subjeéfs, the (ay-
out for the deslign gpéclfléd In (40) Is glveh In Figtire 3.' The’s' In Figure .
3 Indicate +ﬁa* subJe¢+s within each level of A are observed repeafedl&.ovér

all'leyels of B'ahd C so that the units of meaéuremenf are cohmensurabre over .

\\\'A s

A

8 and C. ’ i



- ,,;*_%,A, . —_— ——4‘—“‘_’”

8 By 3
G, € €3} ¢ C C ) C C G
AI s' sI sI s' s' sl s' sI s'-
A2_ Sy | S5 | Sa Sp | 5o | Sa Sp |52 ] 52

Figure 3. Simple Split-Piot Design

Usling the artlflclal data In Table 9 and the restricted ful!l rank Ifnear

mode |

CYagkm T Migkm t S0 jKm
(41) subject to the I(J-1)(K-1)(M-1) Iinearly
" Independent restrictions _ |

ME g1 km T gt M gkt T gkt T gkt M ke 0

the ANOVA analysis for the dats Is shéwn In Table 10.

3

o




— e R L
E Table . Data for Spllt-spilt Plot Deslgn
B B, | By
€ G Cy g coCs|c oG
s, |20 20 2, 2 a2 3| 2
. Y s, | 67 a8 29 43 56 48| 3 a0
s3 | 37 31 257} 27 28 30 3i' 33
sa | 42 40 3¢ | 37 36 28 | 10 27
ss | 57 a5 32| 27 2 .| 30 2
A sg | 39 "3 38 | 46 54 . 31 29
s; | 43 32 20 | 33 a6 as | a20 37
sg | 334 34 | 9 43 3 | 3 39
S | 4F 32 23 | 37 51 39 27 28
sio| @ 32 20| 30 35 31 | 26 2
si | 41 36 25 34 3% 29 |.21 24
sy | 53 4 2 w0 4 | s s
, sy | 38 35 33 | 38 42 a5 | 40 48
sy | 60 51 a1 | 54 61 e | 53 52
sy | 37 36 35 | 40 45 40 | 34 40
k: st | 59 a8 37| 45 52 aa | 36 as
st | 67 50 33| 41 6 46‘ 31 41
x sp | 43 35 27 | 32 3 3 | 33 33
sg | 64 59 53| 58 62 51| 40 42
sio] 4 o % | 4w a2 | o : 4)
N (,~.
N




_ - S S ——
Table IO UnlAvar!_a'i‘ev Profi_le Analysls
Hypothesls 'S5 3 oé _ | Ms | | 3 | P-value
t. Constant | 275968.66 o 275968.66 |- () ='775.08 0001
2. A s0e2.22 | »3042.22; (= 8.54| 0.009]
5. st 6408.90. | 18 | . 356.05
48 | 6348 2 317,42 ‘(g- = 3.29 0.0487
5.8 | .71 2 | 93 | S = 0.10 109051
TR 3489.48 D | 96.93 ‘ |
e 42181 | 2 aser | D = 1495 | <0001
6. AC ) el |2 3.0 S = 0.22 0.8036
o SC(A) 5156 | s | 14,30 1
Clo.8C 2440.89 | 4 1 610.22 | (13 = 27.64 |  <.000]
i1 asc Coerse | 4| 16lea (:—%)\é 0.76 0.5547
2. Error 1»589.._76 R b ~ 22.08
) e e e L .
Total. 294610.00 | 180 k
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7o . the lfh

Using the population means In Table Il for the J*h subject within

level of A, jhe"hypo+he§es belhg tested In terms of the full .rank

_ * ‘model parameters: are summarized In Table 12.

‘Table |l. Fopulatior Means

i BI _ : B2 ‘2  '  , ?3 )
c, c, Cs C, c, c3" €, C, Cy
e Mz o Mg Mgzt Mgz Miges Mgzt g3z Migs3
i .
N
\_\ . .’
N
.‘\\\
| \\\
.
: AN




.

Table 12. Unlvarlgfé_Proflle Analysls Hypotheses

Source ~ Hypotheses DF.
Constant '»u. =0 |
A F(I Myl 's are equal I-1
| L PO T AR S NI
S(A) e B (FEF
; i T7ae PRl dlle 0N
B all u k. 's are equal . K=-1
" Mk M P e g, B0 (-Dl-b
MMk gk e, ® °1
SB(A) e ' | 1= (K-1)
"ok Mgk Mgk ke, T Oj |
c all'w 's are equal A(M=1)
o em, . - (-1 (M=1)
AC Moo Miem ul.,.m""ul'..m" 0 : ' : ,
| | ul‘].fm-ulhl'.m-ul.,l.m"_ﬂ"l_-]'.mi'7= 0 1
SC(A) e | IU-DM-1)
ul’j..m-ulj'.m-uIJ.m'ifuiJ'.m' =0 j
BC Mokm Mk k™ ke 7 O (K-l)(M-',)_'
,ABC SIS L L e B L I A | S
"ul.Jm""'u".er‘l’u'.‘]'m.’-u'".J'm"=.o‘ (I,-‘)(K-l)(M-') |
Errot (Same as the restrictlons In (41))
Total LM
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'Tb analyze the data In Table S using the unrestricted full rank mu1+t—

varlate |lnear model, the means In Table 13 are ugéd fb construct U and the

design matrix W Is )
. : (' O\. -
I 0 ;
10 ‘ :
I o .
~ | o |
)
N i ‘.‘0 .
' o
| , 7 Lo |
(42) | Fowe= |
0 i !
o 1| ?
0 ;
‘\‘ 5 ' .
0 1 j g
0 )
o g L
v . B ! o
o | -
. R ‘ . ' N . ) I
) v S N : Lo l4 ! :
‘Table 13. Multlvariate Means.
I T T - T B -
A M Mz W3 ] Mie Mise Mis | M7 Yis M9 |
Ao | a1 M2 Mpz | Mag M5 My | Yoy W2s Mo |
- N S ‘ _ —_ A
< - .
n :
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The flirst hypo*hesis'of Interest using the multivariate model Is +o,see

~ whether there Is an Interaction between A and +he‘ievéls of B, C and BC which

we shall now call the test of paralléllsmf Foilowlng the formulation for

testing Interaction (parallelism) for,a'splif-plof deslan, the matrices needeg

to test for parallellsm, uith the hypothesls stated In the form C'UA = 0, are

, [ 1 0

, 1 0
. ' -0

-1

(43)  C'=(l =) and A=| -1 |
‘ EY R P

0 -I

B

0 -l

l 0 -

St

when

e [ Mg oMz W3 Mg

M1 V22 ug3 U4 V25 V26 Hp7 -Hog U29.

(44)

1

1 0 1. 09 0)
- 10 o .
0 -1 0 -1 0 0

I 0 -1 01 o .
S B I R

0 -t 0 1.0 =i :

I 0 0 &-I 0
-t 1 0 0 1 -l

0 s 0 0%0 ‘1

~—

c BC ,
o ‘ \

Uis Mg M|7 Mg W9

Thi first two columns nf the posf matrix A are formed to evaluafe AB, the

next two are used to lnvesflgafe AC and the last four, constructed from The

-f!rsf Two.py +akfng.Hadamard vector products, are useq to test ABC. Normal-

- ?ilwg the poé+'mafrlx A'§6 that A'A'= I and segaraflngvbu* the subhafr[ces

- - used to +es+ AB, AC, and ABC, we ave
hypofhegls MSP and error componenf fr!ces, as we did for the spll*-plof L

des!gn, fo obTaln the univariate F-raf!os. If the -design on B and C Is a

ée'fhe diéqdnal-alemeh%s o¥:+ﬁe sub-

22 rafher fhan a 32 des&qn, fhe Llagonal elemenfs of the MSP matrix confaln




fhe unlvarlafe mean squares for fes*lnq +he unlvarlafe hypo?heses AB AC and

" ABC. -- R o o N
3 | : \\'

To test BC, glven that the parallelism hypothesls Is tenable, the ma- \

v‘?rlces _
(1 }o" 0 0)
0o 1 0 o0
" : -l -0 o o, '
_ o 0 1 o0
(45 C'=( DandA={.0 0 0 |
N BRE
B T ] ;
- 0 -1 0 -i
L B R
aré-uéed The pésf ma*rlx A ls consfrucfec by arranqlnq +he elemenfs of U

In fable form, Table |4, ‘and formlnq four llnearly Independenf con+rasfs such

| that /f*fj- i o ”
LT we R WJ“PJmkﬂhlU'=- ‘ , B
. . - o LN
. o Table 14. Rearranqed Means for the Spllf-Spllf Plot Deslgn
c, ¢ O | R
B My il "}z = M2 '"isf* "3} YRAIT '(“22 P .“25 T M3
5, “i4= ”?ziA s = gy | Mg = "ési TR .“2§'é'ﬁ|z' :Eas_zfﬂzg.
8 Pi?" 31 | Y18 = 32 “i§'=,533 '3 M7 = "3y ﬁza"{*sz F29‘5-"3é
12, -

Normalizing A @nd averaging +he.d1a§onaf élements

A

of the hypothésis and error

o
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‘.mean-squares and prbducfs ma+rlcés, +he unlvafla*é F-raf!o for'fes?lng BC Is
| ‘lmmadla#e|y ob?a!ned. R +he paralle|tsm hypothesis Is no+ fenable, we may
test BC wlfh (BC)* by uslnq C'= I and the oos+ makrkx A defhned In 9452 -
| The unlvar!afe *esf of BC Is nof obfalned from +es+lnq (BC)*, )
Tb fes+ +he maln effect hypo*heses A B and C under ;arallellsm and
né BC lnferacflon, wd use the follow-nq mafrlces for C' and the posf.mafrlceg"

~

A when the hypofheses are expcgssed In the form C'UA = O:

(R): C = =1 A=]] /J'

y NN R

B i o 7\
e ‘4 /I -
) ‘ oA ' J .
[_’ 0 3
. //' 0
f ) !
- *1 0
B . ) B ’! 0 . '
‘. . _ PR .

< ®: ck=0 N AR| 0 |

0o 1 .
: [
- -1 =)
/ -t .=l ,
- w '; f‘ -' /'J’
an S ! o T
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[ 1 0 )
o
) i 0 | ,
-1 -1
' i 0
C'=(1 1) A= 0 |
fj -1
- ) 0 °
) O l 0.
U -1 -1 )

. Normallzing the post matrices A in (47), univariate fests are easlly obtalned.
Tests of ‘A, B, and C which do not require parallelism are denoted by ‘A¥, B,

- .ahd C*.. Tﬁé,mafrlcesxdeflned.below are used to *ééf’ihesé.hypofheées.

o
3

o (AR C'=(1 <)) A=1

9.
‘ (1 0) 7 .
o
Lo
, o 1
: oM c'=1, A=| 0 1| .
i 0 \ \
: -
-1 -l
-{ - ~] J




,
; 0 {
S T
| I o

9: c'=1, A=| 0o N .
. 4 k—/\/-l/ -
{ 0
| 0. 1

Tb write each of- the multlvariate hypo*heses ln terms ofl?he elemenfs of
U, glyen In (44) for +he example, we merely have to subs+lfu*e +he hypo*hesis

test ma*rlx C' and the post ma*rlx A Into the qeneral expresslon for C'UA =0
‘for Each’hypofheslé. To test each of the preceding hypo+heses, fhe expresslonﬁu
for Sy and,S;_gfven‘ln (12) are evaluated uglng the data !p Tabie 9. To shoﬁf
the corfespondence be*weén +he multivariate analys4§ In fak‘ 15 .and the unlvar-l
- late analysls ln Table 10, the mean square and products ma?r!ces are dlsplayed.
"fhe post matrix A for each hypof@esls without an asterisk (*} has been normal-
fzed sq!fhaf A'A =T, \ ﬁ ‘

Averaq'ing the dlagonal elerﬁen*s of .the hypothesls test matrices of Aé,
AC and ABC withln.Paral, BC, C, B and A In Table I5 gnq'+hetd|agon5[_elemen+§ |
ot the corresponding error mé*rlces, univariate spllf;spl[* p]o*‘F-rafloé are -

 lmmedlately constructed. ~To 1liustrate, we test ABC and C:

(5.513+2.604+1 1.704+47,535)/4 - 16.48.
- _ — = = 76"
(20.357+31.497+48.778+27.700) /4  22.08

Fasc =

(261.075+166.736)/2 213.91
Fe = e = 14.95
(23.475+ 5.141)/2 14,3
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!

Table 15. Multivariate Proflle Analysis of a Split=Split Plot Des:lgn

. oF

A

6.008 -0.025 '-2.217 - 9.622

0.676 ;

Hyp. MSP
AB L i -
Paral 1 1 | [ 0.033 4 (Sym) 0.809
0.789 18.678 r““‘—~lﬁi~__ g :
0.367 8.679 4.033 - |
0.269 6.378  2.964 _2.178! e
-0.429 -10.147 - 4.715 3,465 5.513
'-0.295 - 6.974 - 3.24] - 2.38] 3.789 2.604 ;
-0.625 -14.785 - 6.871 - 5.049 8.032 5.521 11.704 =
| -1.529 ~29.797 ~13.846.-10. 174 16.188 11.126 23.587 47. 535 |
BC vl os72.113 -  (sym ’ 10.225
13,965 0.104 :
~712.198 -5.313 270.937
| 746,587 5.569 -284.020 297.735 '
c 1| f 261.075-(sym) 0.325
| 208.640 166.736 ;
8 L1 [ 158,133 (Sym) |
272,201 480.711
A" 1| 042,22 :'._,. \ 10.678
@)y | 2| [ 3870.251 | (Sym)_ : ‘ 0.209
SR _1956.651 989.3%0 - | . - ‘
-} 723,750 364.200 166.500 | |
© 1508.051 762.200 285.900 588.100 |
c* 2| 783.23 (Sym 1 0.316
o { 933.67 1113.03. -
B* 2 506.50 (Sym) 0.670
980.40 1944.40
A* 1 (deleted, lack of space) 0.533
.Error , , r\AB . ‘ . ] L. . ' )
Paral | 18 96.313 . - E (Sym) )
25.606 97.551' 1~~~ AC" . : L
20.619 - 1.749 '7.185
9.998 24.640 6.836 20.B0f))
1 =9.445 10.182 0.982 16.135 20.357
| 14.754.-7.007 10.144 18,444 18.335 3| 557\‘-~. ]
' 22,132 5.946 2.214 0.538 -0.256 2.997 8.778 |
| 20,531 25.214 -0.870 6.548 9.002 5.106 !2.761 27. 7oog
BC V8. [ 44.424 - (Sym) o 8
. | -0.314 0.099 ' : o
~5.057 0.002 34.188"
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Hyp. | OF MSP , A |

c.. | 18 [ 23.475 (Sym) }

. 2.205 5.144
B- 18 [ 119.417 (Sym) ]
-12.267 5.141
A 18 | 356.05
wo* | 18 [ 117.694 ‘ (Sym)

.87.761 43,633 .
57.472 28.200 |{i15.6!1
46.217 22.922 136.775 53.544

c* | 18| { 140.850 (Sym)
, { 81.883 628.250
B* I8 716.500 - (Sym)
294.511 450,400
A% 1 18 (deleted, lack of space
. d
p-values '
Paral 0.9392 B 0.0356  C* 0.0005
BC  <.000f A 0.0091 B* 0, 1357
c <.0001 (BC)*  0.0012 A% 0J5114

Usling the growth curve mode! in (20), a trend analysls,of +h9 data In.
Table 9 is easlly carrlied out once_+he'posf matrix P Is consfrucfed. -Unltke
the split-piot e*ample, frendsfover.fhe within subjects &Imeﬁsfon, factors B
and C, are not. over éll nine polnts but within levels of B and C. That is, we';
have only +hree,+|me-polnfs.and no+ nine;. The unnormalized offthOnal poly=

nomlals for three time points are

~

\ fl. .iZ .:2 : Sum of Squares
| [

Constant gt = | 3
Linear ~ g'=-1 0 I -2
Quadratic Q' = 1 -2 | 6

[+ 73
‘To extend these over nine points, deflned by a 32 factorial design, we form the

followfng Kronecker products .
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B, eé_ - B
Chb G G |G G G |G G G
[ oL ! f [ { | l [ [
: éﬁ‘ﬂ C' == =1 «| e o 0 | i f
L greg = | rp ! -2 -2 =2 ! b
) C'RBL'=-1 O ! -1 0 1 -l 0 i
c'®o'= | -2 | Po-2 -2
~N " ) _ .
&L = | 0 =i 6 0 O -l 0
N ( .
LREQ s~ 2 -I 0o 0 o0 1 =2 |
" n 3 :
QAL = - 0 i 2 0 <2 -1 0 !
N L") . -
Q' | -2 | 2 4 -2 boo-2

- Uslng norma!!zed polynomtals !nsfead of unnormallzed polynom!als, the mafrnx

P for the frend analys!s Is daflned by o ,
333333 333333 333333 333333 .333333 333333 333333 333333 .333333 ]
: ‘;.408248 ~.408248 ;.408243 .000000 * .000000 .000000 .408248" 408248 ;403248'

235702 235702 235702 -.471405 -.471405 -.471405 235702 235702..23570;

-.406248 .000000 .408248 -.408248 000000 408248 -.408248 '.oooéoo 408248

-u N
[}

1235702 [471405 .235702 .235702 -.471405 235702 .235702 - 471405 .235702 {
500000 000000 -.500000 000000 000000 000000 =.500000 000000 500000
-.288675 577350 -.288675 .000000 000000 .000000 .288675 -.577350 .288675
-.288675 000000 .2886?5".577359 .000000 -.577350 -.288675 000000 288675

| .166667 -.333333 166667 -.333333 666667 -.333333 166667 -.333333 .)66668

Anﬁlyzlng'frends using this procéduré has already beenvdlscﬁssed by Bock.
(l963b) and wlll not - be consldered here. For this Type of analysls p’ Is alway5-¢
.equal to q un!ess the model over.fhe wlfhln d!menslon Is addlflve. For an ad-

" ditive mode! we may elther selec? G=1I, uslng the Po++hoff-lov model, or

L)

Q. G =Z, using the Rao-Khatrl formulaf!op.




4. Growth Curve Analysls and Profile AnalysIS'bf Multivariate Repeated

. Measurems 1ts |
' The repeated measures type deslgns discussed so far In thls paper were .
éuch that the re;Zarchér obtalned commensurable measurements on each sub Ject
over time or over several experlmenfal condl*lons. In many'experlménfal sl-
tuations, especlally Ionglfudlnal sfudles we offeh collecf ‘data on several
-varlafe; and observe a subJect on each of the vaplafes over time. For proflle )
analysls the time polnts are unordered experimental conditions. Deslgns with
mqlflvarlafe observaflons on pgvérlafes observed over q +lmé pulnfs.or q con-
dlfiohs areAcafled hulflvarlafe of multl-response Eepeafed mqasurés desligns™
since fhe multlvarliate observations are no*‘commensurable.af.each time pé]pf

but are commensurable over time or condlfions, a varliable af.a’flme; Flgure 4} 

Treatment Supject | © t, Tt
- o PR @y | @
L | Yipr | - .ryupl ” IJI
| ol | J2) BN R RS
Viz | Yz || | leZ
A AT AT THR EERN B I A7 2l B [ EELN I AN Rl B
1ot 1 (2 (q) |.
UYygp AVipd ||  Yigp

Flgure 4.. p¥varlafe Observations over q Conditlions
Since each 6f_ihe p-varlafegméFé obéervéd’é@é?”&“+|mé goiﬁ¥s (orﬂcénde _
+loﬁs), 1t [s convenlen+.+o rearranqe the data ln Flgufe 4 by variates fo; a
’mulﬂvarlafe repeated measures analysls so fhaf each varlafe Is observed over
q perlods, Flgure 5. The dafa ma?rlx Y for +he analysls Is of order N x pq

where the flrst q columns.correspond to varlable one, the next q RO‘vartable 2,

. the next q to varlable 3 and so.on up to the p'™ varlable. " Alfernatively, using
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-y

the data e$ afranged In Figure 4ua mulflvaria+ejmtxed modeliane!isls ef vari-
_ance.precedure may be u;;gnfo anafyie mﬁlfl-response repeafed‘measures dafe.
This would be done by slmpf&@ex+endlng the unlvarlate sum of squares in Tabie
. 2 to sum of squares and produefs mafrlcee and Calculaftﬁg mulflvarla?e cri-
teria to test hYbofheses; However, for such an analysls we musf nof only as-
sume a restrictive sfrucfere on *he valrance-covarlance matrix assoclafed wlfh
~ each varlable over q time polnfs buf fhaf fhe structure on each varlance-co-
-varlance mafrlx between varlables across time poln+s Is consfan+ This Is even )
more resfr}cflve than the unlvariate assumpflons and_for +le reasoh fs not

I_.

dshally recommended. _Insfead,ﬁa‘muiflvarla*e approaeh shouldkbe used.

Treatment Subject | - 1 = | 2 el b
o B R YT R I TR I R TP SR
o I : (Vuﬂ | [y Y1j2 < rVup L
@ | | (2) 2y
| | Yigi Y Y2 bl | Yijp
Ay I B IS4 N TR SE I IR AN 7Rl e et
ST (q) , o (qQ)
‘" o . . Lvu| 4. : ,LY'JZJ : o . ‘“lep J

Flgure S. Data Layou+ for Trene'Ahelysls of.MulflverTafe.,
' Repeated Measures Design ' ' o
- The data lﬁ Flgufe_S may be elther frend or proflle data. Alfhough‘fhe :
.analysls of proflie data and trend dafe are_ very slmllar, as‘seen fer exampie
In. +he analysls of a spllf—plof deslign, we shall conslder each analysls separ—
'Vafely. FOr a growth curve analysls of the dafa ln quure 5, the moder glven In
(20) is employed. To use the model, fhe-number of subJecfs wlfhln Qach freaf—
men+ musf be greater than or equal 10 The fofal number of measuremenfs on each

e.,—,subJecf For_ simpliclity, suppose fhaf ‘three measures- ere recorded ~for-each
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subject at q time poin*s so “that-assoclated with each sub ject are 3q measurements

all correléfed with unknown varranca-ébvarlance matrix zo'? Le++lnq the l*h growth

curve for each of the three multivariate responses be represented by

hic+hl|1+ ...‘+ B?;pl—l*p‘;' P s;q'
| (fg) : LIS P e';éz_'tpz" Py e
TR 51,93?l+p3-. psca
the mafrice§ ? and P ére defined as followé:
(815 8y - 81,1 alq ) <+ Ot Eio s,{ ._;:E,’DS;, ‘

| P20 Bar v Bop - %20 %21 =+ P2,p-1 %20 P21 vt S2,p40
B = _ . )

g X (pl+p2+p3) . . e o K . . s e . 3 . - es s .
: : ” e 8 0 . ... 80 CE B T 3 S
oo b0 Bg1 - -*Bg,p{-l “go “al eg»pz-l *a0 gl Eg.p3**,
S50 - : " -
(41 ..t 0 0 ...0 0 0 .0
t| 1, +q 0 0 .0 0 0 (
4 et et 9 0 0 0 L.lo
0 0 ...0 I eoe | 0. 0 vea O
o o0 0 + + + 0 | 0
P = I 2 q | 3 I ] o
p'+p2+p3) x 3q : : . : ) L4 . L3 o'n .
0 0 ...0 ' 4Pyl yppl Py
",ﬂﬁfﬂﬂ’,fiz.-.fzz .es +q2 0 0 .. 0
0 0 e 0 O O . 0 I ' . o8 '
O O o . O 0 0 . O ." 1‘ ) PR 1.
1 2 q
| R . ese o
0 0 . ...0 o 0 ... 0 P37 4Pt ypst )
' I 2 q
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The deslign matrix Wls ~ . B

[ 0 ... O
b, | |
0 : ! ’ :'.. 0
vy
o . 0. o -
w = 0 ) O X 0 ‘
N xg _ o ' ' |

[} ] v e .

Lo ‘ 0 - s e 'LJ J
. T : ' 9 .
where {J, Is a vector of J, unities for J"subJecfs within each of g groups
l _ . . co i .
where»_Jl > pg. The matrfx P glveh above hes'beenkrepresehfed as a Vandetmode
ma*rlx; a+|erna+lvely; we could have used unnormallzed or normallzed ortho-

gonal polynemlals.

Tests commonly lnves?!qa*ed wlfh mul*l-response grow?h _curve da+a are
similar to unl-response data; however, we are ln?eres+ed In analyzlnq +rends
_for-several dlfferen* varlables slmulfaneously where the degree of the poly-
nomlal'whlch:"bes#& describes one varlate may be dlfferenfvfor anofher varl=-

ate. We _are, however, s*lll res?rlc+ed to flf?lnq a polynomlal of ?he same
, degree +o all *reafmen+ groups. - | | :

- : To Itlustrate some common mulfl-response hypofheses, suppose +ha+ :

Py =Py a_ps = q = 3 so that fhree varla?es are observed over fhree time

(]

'-polnfs and +haT +he number of qroups g = 2. Then,.

(s B = 10 “ 12 710 ”. |'2 .lo | 1l : 12
' | B0 B2 Bz %20 8217 %22 B2 2y 22
Lo . | | VAJ‘. 0
(52) . L W=
, e
- - S
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and ? '
(1 1 1 0 0 0 0 0 O
1.2 3 0 0 0 O 0 O
| 4 9 0 0 0 0 0 O n
0 o 0 1 11 0 0 0
(53)  F=|0 0 0 1 2 3 0 0 0 :
o 0o 0 | 4 9 0 0 0
0 0 0.0 0 0 11 |
- oo 0 0 0 0 1 2 3
| (0.0 0 0 0 6 I 4 9]
or . | M
\ | (+ F 1 0 0 0 0 0 0] |
\ . -t 0 1 0 0 0 0 0 0
A | =2 1 0¢0-0 0 00
o 0 0 t 1 I 0 0 O i
(58) P=fo0o 0 0~ 0 I 0 ¢ 0O
N -l o e o 121 00 0
\\\ 00 0 0 0 01 1
\ o 0 0 00 0 -1 0 |
_\\ , 0 0 0°0 0 0 | -2 ]
or \ . ‘ , _ . : B
o .333%3% \'\ﬁuzs +233333 0 -0 o 0  : . 0 .0 0 )
_-.408248 .000000 .4082480 - 0 O 0. O 0
| 235702 -.47IQ5 2351020 O . O 0 o o0
| 0o 0 '\'\9 | .333333 333333 .333333 0 o 0
smep=| 0’ o 'o\\_ -.408248 ,.oooooq-.abémd o o
o0 0 \ 235702 -.471405 235702 0 0 0
0 o o \\ o 0 0 \"\\"_.333333' .35333'33 .333333 |
I I o0 .\'\b\, 0 "0 --1408248 .000000 .408248
[KTC Lo~ o 0 O\-i.. o o0 | .é§5702 -_,‘47":\405 235702 |
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4
1

The first hypothesis of Interest Is whether the regrésslon fanctlons are paral-

lel for all variables simultaneously:

(8] [ 821 ] o
Biz| 18221 R ’ '
(56) - Hp": |
| 812 022
¥ &)
Bz ) e -
/ .Thls“ls tested by defining C' and A as
. (o 0 0 0 0 0]}
\‘ , | I 0 o0 ,.° 0 o
. o 1 0 o0 0 o ) :
0 0 0 0 0 0} .
(57)° ., C'=¢( ~-PDadA=|0 0 ! O 0 ,'.fo/ |
T o 0 0 0 1 0 9
0o 0 0 0 0 0 ‘
‘ o 0o 0 0 I 0
| - 00 0 0 0o I

Given parallelism, to test for colncldence,




. = [#0] [)
? Bl B2
! By2 ‘Bo
S10] | %20
(58) | C » , HC: 01 = 8,
8121 | 822
€io £20

~ gt TN
S y 5{2 IS

the matrices C' and A are glven by

(59) = -

Other hypotheses such as

{

. { o -
1 | By

(60) : HG_:

~

or ':
f911+32|

-

1]

glven parallellsm, may also be tested.

e e R : e - e

L UMy,

I; 0 0
A=fo I,
'\o‘ 0
L ralzﬂ r
Boo.
2| %z
7R
€12
) Vexn) |\
B12*822
=l ep*en | = |
L Ey2tEz |

IR

[

0
0

2,
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To *esf‘fhaf ?hé\bes*‘polynbmlal for all variables !s;lfnear, we would

 use the test matrices ' ° RN
™ ' S o . : . -
' S [0 0o o)
_ ' p 0 0. 0 :
TN I 0 o
— } \ ° 0 0 0 -
(62) . . ¢rs Izﬂand"A ={o 00 '
~ | B PR
. : i /
‘ 0 00
" e . .
v\ . . ’ RN - ) ) . Lo 0" l 4.
leen.fha? 1hls*hypo+ﬁesjs’is tenable, we have fha'f'“pl <_q,.p2j< q and .
¥ . P3 <’q. Hence, -~ : el - - . .v-.; :
po o ‘(8 811 89 0y, £ & |
L (63) - a=1. |0 ”; IQ o 10 U ) e
e B0 821 %0 P21 B0 f21) ' ™
; . and v : ) ’ -
; . / . . .
g < (1 + 1 0 0 O
7 . o,
. | . - 123 0 0 0 »
(64) . - P = . .
: 10 0 0 k| |
' ) c ..
L0 0 0 {41 2 3]
o __';We may now test hypofheses abouf +he elemenfs of +he (2 x 6) matrix B% how- .
ever, *he selecflon of +he welgh+ ma*rlx G affects fhe analysIs. Rao (1967) ’

and Grizzle and Allen (l969) polnf ouf *haf we!thlnq does not always produce
shbrfer confldence Intervals. By sefflnq G = I, all the covarlafes are lq-

nored and by - uslng fhe Rao-Khafrl model fhe covarlafes are applled To a;l/,(’;'.

J—— I p— ” s e e e




. : o | |
other varladles In fheTnbdelv fhaf Is, the 3q-p|~p2-a3 covariates are used

- to adJusf all the remalnlnq var!ables slmulfaneously whlch Is exacfly wha+
Is done In mulfivarlafe aﬂalysls of covarfanca deslqns. To use dlfferenf
covariafes with dlfferenf sefs of depend’n* var!ables, +he qeneralized qrowfh
curve mulflvarlafe model dlscussed by Kiefnbaum (1970. I973b) stused

To analyze proflle dafa for measuremenfs arranqed as_ln F!gure 5,7+he

unresfrlcfed full rank |lnear model qlven In (9) Is used Letting -

p. TEpy p3 = q 3 for the arrangement of populaflon parameters showh In

Table |6 we conslider some hypotheses wh!ch mlqh+ be of tnferesf for proflle

data.
. Table 16. Means for Multi-response Profl!e Data
, - , N , /
Varlables ’
! 2~ 3 —
‘ 1 N , : f v .
Condltions - Ci' ‘92 ‘CS : CI -02 C3 : CI C2 .Ciu
v . ! H : o
A\ | . AI Mg Wz M3 Mg M5 Mg : Mz s My
- P e :-g.\ ,..,_.w\/;__’_,,.:/"f"‘.m ""':‘T-—\.-——“—;————v‘—’“ :
Az 4 M1 Mz Mazi Waq s Mg f Ma7 Hag o9
, S e \\
~The flrst hypofhesls of Inferesf for proflle data Is whether the pro-.
f1les for. each varlab|e are parallel That Is, Is +here an Interaction be-

‘_Tween condlflons and +reafmenfs. }he hypo#hesls may be sfafed as’

- ’ ’ ) . . / I

©

e
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(65)

[ 72
| 273
MygHys
15716

W78

\ "l8'"|9 )

1
The mafrlces C and A +o test H(AC)* are

(A7)

Clacy* =

N

To test for differences

(' =DandA=] 0

. 0

[N

axt o W5

[ ny

H22

((1p)74p0 ]
M227¥23

H247V2s5'
Mo5™Hoe

Ua77¥zg

- Mog” “29~

In freahnenfs, Hu*' wher‘e Hox Is

e e

[N

H23




‘ .
+ﬂe matilces
1
i

(68) | Cax = (1 =) and A = 1

are constructed. For di fferences In conditions,

() (ua) [u)
Y1 1 W2t | Mi3
Mar | Yaz | | Y23
T 4 oue T
. o(69) How Ml e
o Y24 Y25 Y26
U7 Yig "9

Luyy ) L Wog ) | “29‘

_the test matrices are

- (1t 0 0o 0o 0 o)
| % 1-0 0 0 0
0= 0 0 0

(7100 -~ Ce=lyandA=) 0 ¢ -l 1 0 0

b

e e et st bt e S e e i st oo

. “Glven parallgllsm,ffesfs fqr‘dlfferences.pefweén the pr f?éajmenfs and ‘amonag

l condltlons are wrl++en‘és . .
. ~.

| . . . . ~
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[ 3 1 [ 3 p )
T u,,/3 DERY) 3
=t 1 =1 2
. 6 6
(71) A w3 =| Lw,/3 ‘
. PN 242
9 9 |
Iy /3 Ty /3 E
| 2 |
L g=r A
and »
\ [ 2 1 (2 .1 [2 ‘
- z u,,/2 T Ua/2 Ly, L/2
| el SAgt: I
. 2 - 2 2
(72) < C: | £ Y'd72 =] £ u'5/2. = b u'6/2
~ = =1 | 1=
2 2 2 .
| = u'7/2 X "18/2 ‘ Z-u'9/2 ,
L ]él, J L I=F ) T L= T Ja

respectively. Hypotheslis test matrices to test hypotheses A and C become

o | ( % ‘0 o)
N
7 O .0
--““‘"‘“-—"""‘" . —— .___W__,.—a-’w-—“""‘“"""_""‘*"" - - -—»W\<,-_..,.__:_r,-—--‘-' B i I
L o0 o
7
o
0 5 .C
_ o !
C/'\ = (' "') A= 0 -2— 0
o L o
7 -
o
0 0 5
,or : ] l
9 0 3
\ - |
[ 0 0 7
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and

(10 0 o0 0 0)

o I 0 0 0 o0

-1 -1 0 0 0 o

o o 1 0 0 0

(73) ct=t¢tdya=l o o o 1 0o o
| o o -1 =t o of \

_ o 0o 0 O0 { o0
o0 o o0 0 | o
Lo 0o 0o o - -1} \

Provided fhe-'posf matrix A, for hypo‘l‘he'ses. sfa‘l‘ed.’as C'UA =0, is: normallzed
so '+ha1' A'A = 1, muitivariate mixed modél hufflvarlafe crH'er‘I'a -are Immedliately
obtalned. from the multivariate approach for +he hypofheses A, C, and AC. Thls
ls not the case for ‘I‘he hyoo‘l‘heses A%, C* and (AC)* as we showed for' spIH‘-plo‘I‘
designs, T!lmn and Ca_r'lson -(|973). 1£ the posf matrl x for fesf_l_‘ng the paraliel-

Ism hypotheslis -ls norma | lzed, the mulﬂvarla‘l‘e fnlxed model hypothesis AC Is

.Immedlafely recovered from the mulﬂvarla‘re test.

metm

e A e e

To lllusfra‘re the procedures dIscussed In +hls secflon, da+a provlded

by Db‘ Tom Zulle In the School of Denfal Medlcline at the Unlver'sH'y of Plttsburgh,

' \
dispiayed In Table 17 are used. ! RN

. A
y

° !
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Table 17. Individual Meaﬁuremenfs Utltlized fo. Assess the Changés y
In the Vertical Posltlon of the Mandlble at Three Time
Points of Activator Treatment
Sor-te ANS-Me Pal-MP angle
(mm) - ~ (mm) (degrfe_es)“/‘
Giroup Subjec-r‘ : - '
Number . 1 2 3 ] 2 3 i 2 3
l 117.0 117.5 1185 59.0 -59.0 60.0 10.5 16:5 6.5
2 109.0 110.5 1110 0.0 §.5 6.5 30.5 0.5 30.5
3 1iT.0 0 120.0  120.5 60.0 1.5 62,0 23.5 ?3.5 23.5
& 1220 126.0 121.0 67.5 0.5 7.5 33.0 /32.0- 32.5
T, 5 . 1160 1185 119.5 61.5 62.5 3.5 _24.5“//24.5 24.5
6 123.0  126.0 127.0 65.5 61.5 67.5 22,0/ 22.0 22.0
7 130.5  132.0 134.5 68.5 69.5 ’7|.O“A.33,o/ 32.5 32.0
8. 1%6.5 1285 130.5 69.0 71.0 73.0 zo.g 200 20.0
9 | 113.0 116.5 (18.0 58.0 .59.0 602% 25.0 25.0 24.5
Moans - 119.33 téi.?é 122.94 63.22 64.00 65.61 24.67 25;|7  25.11
—_— L :|28“U’““T29‘tF"TTFr‘5"‘1?T7T‘“757-5-~€£Lil,-2410~—ﬂiHP%¥~——24-e——-~___
2 116.5 1200 120.5 635 65.0 66.0 28.5 29.5 29.5
s 1205 1255 127.0 645 67.5 69.0° 26.5 27.0 27.0 °
4 1095 112.0 114.0 540 55.5 57.0 180 18.5 19.0
T, s | 133.0  136.0 ;3i;5 780 73.5 5.5 34.5- 34.5 34.5
6 120.0 1245 126.0° 62.5 65.0 66.0 26.0 26.0 26.0
7 129.5 . 133.5 136.5 65.0 68.0 69.0 18.5 8.5 8.5
8 122.0 1260 125.5 645 65.5 66.0 8.5 185 185
9 ' 125.0 127.0 128.0 65.5 66.5 67.0 2.5 2.5 21.6
. Means  122.78 25.72 127.28 64.28 66,00 67.17 20.00 2037 2029
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Frdm the mean plots of the data In Tabfe I7 for eacﬁ group and variable,
Figure 6, 1t appears that fhe growth curv?s for the three varlables are at
least !Inear.l Some other questlons of Interest for the data Include:

(1) Are the growth curves for the two groups'bafailel ¥or‘one or

more varlab[esé ” : - ‘

(2)  1f we haye paral lel growfh curves, for some varlabies, are they

colncident? -

(3) What are the confldence band(s) for +he~exp§é+ed>§row+h curve(s)?
Dependlng on whether we take p = q = 3 uhen'anélyzlng the dafa ln.TabIe i7,
the procedure used to answer questions (1), (2) and (3) will differ. For 1l-
lustration purposes, we wli| demonstrate ﬁpfh technlques usling a program de~
veloped af.#he‘Educa+lonal-Tes+!ng Service cal led ACOVSM,‘JSTeékog; van Thillo

‘and.Gruvaeus {1971).
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Sor o ANS i Pal
128 A 70 1 S 30+ |
127 - 69 -
126 68 -
125 67
123 1 ‘ ; 65+ . R
122 + 64 T S iy
21 + / ' 631 . ' 23~ ' -
120 ~/ R 62 + | 2+
119 ¥ 61 1 21t
1L 0+ 204
; | | . e | i
| [ _ i — | i
| T2 30 2 L3 [ 2 z
Flgure 6. Mean 'P|o1"s for Défa ln;Taple-‘ 17
' Assuming that p = q = 3, the ma'rrlx'_B' for the dafa In Table 17 1s
’ . : . ) s h
L Sz %o ' %z Yo i ETz] =
A B20 Bz Bz B0 831 %22 B0 82 S22
With P deflned In (53), B Is estimated by |
. [ 115.778 4.139 -0.583 63.278 -0.472 0.417 23.611 |:333 -0.278
. B= | : o o :
"\ 118,444 5.028 -0.694 62.000- 2.556 -0.278 23.622 0.456 -0.078
‘ . ) . . ‘ , . o . A . 4 ‘ S ! l’ /
To test for parallelism ‘
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9
r ) r '
Bl B2
182 822
-8 6
we |0 -]
: %12 622 s
EH ‘ 52|.
~ &2 U822
simultaneously for all varlables, the matrices ) o : Rl
| " A o o
. | | . _ .
C'=« -DandA=|0 A, 0 .
0 0 A'3
“are. used where -
[ 4 0 0 | T
Ap =] 1 0] fori=l, 2, 3
o I '
Witks' A-criterion for the fest Is A = 0.583 and comparing A wlth 0,92—+6§—3;"-*4*;
m——" T 4 - Co-

ot iy o

0.426 using Wall's tabls, Wall (1967), the paralielism fest 1s not rejected. N
The p-value for the test Is a, = 0.3292. : S .

leen parallelism, we next “test. for colncldence,



2

B1a B2)
4842 B22
- ’ %0 %2
. Her [ e | =] o2
812 €22
Elo| | %0
o TN R TR R
h 3 A B2 ;o k522;
'aga!d.assumlng p=gq. For *ﬁls test, ' | ) o »‘;.

.‘Cf ? (} 4!).and A =__I9 |

Co@puffng Wiiks' A~criterion, A = 0.422. Slnqe‘+abies”for the U dls+rlbu+lon
are hofﬁgyallable‘fék U“ : U?go? 16) we may compute elther Rao's mulflvérlafé
FFs*afls+lé, F=1,. 2]6 wid h 9 and 8 deqrees of freedom or: Barflef*'s chl-squared

sfa*lsflc, X2 = 9,15 with 9 degrees of freedom. both are approxlmaflons of The )

L0

p—values for the two criterla are ab = 0. 3965 and. a, = 0 3575. respec*lvely,_
- .

Indlcaflng that we would not reJecf +he colncldence hypo*hesls.

Trea*lnq the data [n Table IT as dafa obfafned from a single group, we

es?lmafe the -common reqresslon functlion for all var!ables slmulfaneously wlfh ’.

(ll7 lll 4 583 -0}639 62.639 1.041 0.069 23.6!7 0.894 —-0.[78)“

“uslng elfher a resfrlc*ed mul*lvarlafe llnear mode! or by poollnq all fhe dafa

~Into a slngle group._ However:, lf fhls equation Is +aken as our flna( reqresslon

A

._'model we may have overfit one or more variables. . This commonly occurs In ex- -

o perlmen+svwl+h flve or more'flme poln?s. Erocegd!ng-we fes+ the hyquhesls

-

. i ll-dlstplbli#len (see for example, Rac '973 p. 556 OI" T“'mﬂ’ |974) The )



- A
. : . \
(1] . . \
L . \

&5
Bi2 | . ( 0)
He | 8y | = 0
€12 l 0
_uS!ng the matrlces . |
. | \ o 0 0) |
- 0 0 0
0 o0f
:o 0 0
o C' = T'andh =] 0" o 0] S
. | 0 10 - ? -
. 0o o o} S
| o o of .
o0 1}

+¢.sée I the mean *rend assoclated with each Varlable glven by the veéfbr,

(121.056 123.722 125.111. 63.750° 65.000 66.389 24.333 24.694 24.700)
= h e L

may be adequa+ely represented using a |lnear model. Peérforming the test,
\M

A = 0438 and comparing A wlfh u‘(’sof 17 = C.479 the hypothesls Is rejected.\

The p-Value for fhe +es? Is “p = 0, 0052 Had'ﬁe falled to reJec*.fhe hYpb-

+hesls models for Zullo s data would have been represenfed by

f L2

YSQf = Il9 240 + 2 028+

Yans

= 62408+l3|91-_ » .
vpa-"-a 24.210+ 0,183 |

" 1f we sef ?he welghf matrix G = I Confldence bands for lrneérféquafldns_wéuld'

be obfalned by sefflng

—_—

,.,‘- ’ C' s ' B = ‘B'o B“ 9‘0 9” E'o E!|) aﬂd

. 1
o .
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( [ ) (0 ) ( 0
+ 0 0
. ’ 0 I 0
‘ A= or A= | orA= _
' 0. t 0 .
o W \'
/ 0 0 |- | .
L 0 L.O ) , T L .

; | ~ Bands for higher ‘order Eolynomiafs fol low slml1afly. I'f the growth curves
’ were nof colnclden+ we could also flnd confldence Intervals for +he dtffer—n
\”ence befween the two grow+h curves.//The procedures are lllus+ra+ed by Po?f*_
RV hott and Roy (19643, Knotrl (1966), and Grizzle a1d Allen (1969).
Instead of analyzing Zullo s data with p = q, - suppose fhé* we declﬂed 5“-_:
- a priorl or fhrough a. statistical fesf fhaf the regresslon mpdel for each |

varfable was [inear. Then, p < q anc .

: o _[ B0 Bt %o i B0 Ey ] SR ;//

Using the Rao-Khatrl model, with G = S, we test the colncldence hypo=

B0 Bz 820 871 &0 &y

——— e— . ' ! . /

~thesls - . . . S — e

’ . oo . = .' _ r,”.’ s ) :
T e ] B \\\\ Coa
I |8 i B2 f o
i N
we (G0l 20 L ,
c’ b<§ _ e‘
S B I B e 4 I | _
T S0 ¥ . 0, ,
Ay R ST A ;ZIJ
— by usfng.the matrices. = . ‘ : - /\~ : e
ﬁ*T'UL_la' o chE ﬂ)amiA-I /7’
“‘, ) / s . \_';‘ . ) .
/ 0.05 oy
o For *hls +es+ A z 0 440 and comparlnq A wlfh U(6 I |3) = 0.271.we conclude = -




-

)
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o

that’ the growth curves for each group are colneldent fdrval] varlables. The"

p-value for the test: Is ay = 0.2300. However, with.p < q and G = S, ‘the

" models fl? to each varlable take the followlnq form

Ysor 121.210 + 1.820%
Yang = 63-285 + 1.196%
Ypg) = .25.045 - 0.023t

Whlch,.as expected, do not agree wlth the médéls,arrlved at by taking G = 1

.
since p < q.

’Compaﬁlng the +hree’regresslon mddels wh1ch may have been obtalfied using

Zullo's data, *he observed and predicted values for the models are displayed In -

Tabted8. .
' Table 18. Regression Models
{ Predicted. Means
‘o Observed Means Quadratic . ~Linear " Linear
' R (p=q) (p<q,6=1) = (p<g, 5=5)
121.056 " 121.355 |2|.268 ' : 121.210 °
123,722° 123,72V - 123,296 123.030
125,111 ) - 125,109 - 125,324 - 124,850
63,750 - 63.750 , 62.408 63.825-
.554000ﬁ__,__,—~—~«64ﬂ999——*--~\63,121_~——f~* ---- ’“T——65‘62+—»——*»’*“‘”“"
.. 66.389 . 66.386 . 65.048 . 66.217
" 24,333 24.333 . 24.210 © . 25,085
24,694 24,693 24.593 oo 25.022
24:700 . 24,697 - 247576 24,999

each band take the form

a) * Potthoff-Roy

) ¥
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' With S = YMI-HW W)™ 'w 'SY and Y = Y G.IP'(PG pry~!
b)  -Rao-Khatrl
. _ , —_— I_-U“ : —- %
. s f(+) + ' ‘} R(f'S_f) I v
: . - T N
/ . — \ ° — s N
i - ﬂ“
with's_ = (ps7lpry”! : |
R= (w'wzif4[<w'W)"w?yonébJS"v;w<wvw>f' ‘ ‘
C . ‘ . i a.
o ' a_ 0.05° S
: for a slngle group - problem where u U(9 l l ) 10,2392 when D= q or p < Q -
| : P = 005 = - -
., and G = I and U“ Ut 1 13) 0 2714‘when p<qandG =S5 for our example. R
_— \ AR Lo i;
Assumlng Zullo's da*a In Table 17 was obtained at Three experfnenfal ~‘Zf
— ‘:'condl+lons rather than +hree t1ime polnfs, tests of dlfferences befween groups ;;
. (e, dlfferences ambnq condlflons (69) and ln*erac+lon befween groups and o i
! - Y M“.-.‘., e .
’ ' condlflons (65) would be of prlmary interest for +he mul*lvarlafe observaﬁ .- :{.'
, \ : [ - s

+|ons observed a* eacﬁ condlflon. Al+erna+lvely, quen ?haf +he In*eraqflon -
) R
hypotheslis .s +enable, *esfs of dlfferences befween qroups and dlfferences . ;AQi;

,___‘__,_amgng_condlylons&.asageflned in (711_gld (72) may\ge“+ese*d.z UslngIflgfgzg:_‘__ﬂ_*__r
gram descrlbed In Tlmm and Carlson (|973) to analyZe *he dafa In Table 17, Co
WIlks' A-crlferlon and mulflvarla*e F-+es*s for +he hypo?heses are dlsplayed

Ld E}

in Table .19,

1

« e
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R
!
Table 19. Multi-response Proflie Analysls of Zullb's Data

Hypotheses Wilks' A DF Mul+~F _ DF p-value
(ACY* 0.583 6, 1, 160 | 1311 | C6x 1D 0.2392
A% 0.422 - 9, 1, 16) 1.216 | (9, 8 |  0.3965
- ct 0.026 (6, 2, 16) |  9.459 (12, 22) | - <.0001
’ A . 0.884 (3, 1, 16) 0.613 (3, 14) 0.6176

N . . i ‘k - A \\
o 0.034  -| (6, |, 16) 52.437 | (6, D) <.0001

" As we menfloned‘brevldusly, mlkednmodel“mul*lvarlafe‘fes*s are obtalned

from the approprla?ely-normallzed mul+ivarla?é ﬁypo+hesés in Table 19. To

\

see fhls, conslder the hypofhesls and error mean squares and producfs mafrlces

for tes flng C; the ma+rlces were ob*alned by normallzlng +he pos+ mafrlx

N

© O O o/fo o.-

~b-m.o'
0 0
0. 0
I o
0
-l -
00
0 0

e

for the hypo*hesis‘glven In (72);ﬁheh writing the hypothesis In the form

C'UA = 0:




ﬁveraglno the "clir lad" dlagonal e(emen+

- /
/et
 [(ies0z8\___ /
) TN ‘ : .
K .| -26.927 \\4 898 ‘ [
. . 62.674 |
. MsP, = ( S : |
| 2. -532) 1.904 \:0.038 - |
| (3.383\ - 2.43¢  (8.708 0.265 (1. 2|o
. [ - 7493 N\{.363) -4 875\\:97}E:> -0.677 \ 0. 379‘
. |
: R
’IMSPE. »

/

JSP matrices for the mulflvarla*e mlxe# mode! test of C are. ob*alned

| [ 76.463 / o 0.4712 -~ 7

§ i T - I . !

(MSP. = | 47.894  3{.366 '/ MsP. = | 0.273  0.852
T Tl 7ests a0 Tou79s | 0,211 So.les 0,773

e~dedrees of ‘freedom ssbcla+ed'wl*h the multivariate mixed model matrices

<

ar vh and v ; obfained rom *he formula

Rl

I A, nd vy and v are the hy thes

2 T T——

vy, *R( )/p‘= 1°6/3
J
-RVA)/p = 16¢ 6/3

32

: /
£ varybbles, R(A) Is *he rank of The pos+ ma*r!x

s and error degrees of freedom assoclafed

wlfA wyhks A—crlferlon for +ws+l%g C as dlsplayed in Table 18. WIlks A=

crlfgrlqn for +es+lng C using th mul?lvarla*e mlxed model Is A = 0.0005

of +he above ma?rtces the MSPC and
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0.0%

‘which Is compared to U(S 2,32) = 0.663 or using the multivarlate F-criterion,

0.05

(6,60) = 3.12. The p-vaiue for the

F(6,60) = 30.64, which we compare wlfh F
test Is Iess fhan 0.000].
Analyzlnq the dafa a varlable at a time uslng three unlvarla*e mlxed |

mode spllf-plof desligns, fhe unlvarlafe F-ratios for testing C are Immedlately

obtalned from the multivariate mixed model analysls. The unlvariate F-ratios

are v ' | )
| Var!aﬁles '_ F-value f, p-value;
sor 76.463/0.472 = 162.1 < 0001
ANS 31.366/0.852 = 36.82 < L0001
Pal  0.795/0.773 = .1.03  0.3694
5.’ Summary

“lin fhls paperVwe have sﬁewn'how mulf[variafe mode!s may be used to
analyze repeated measures proffie and growfh‘curve'da+a when unlvarlate or

mul+ivariate mixed model assumptlions are not tenable. This should not be

-fakeﬁ_+o mean that a'mulflvarlefe'approach to the analysls of such designs.

; \§hqe[q élﬁaygrb§NU§egner,thaf”lf_le.always'mes* approbrta*e.~~1$'*heﬂres*rféi”“‘"“”

: Co - LI e ‘ '
flve mlxed model assumptions are tenable for a-data set, we would always use
fhe slmplesf mode] o analyze fhe data. For fhlg reason, we have shown how
one may recover sfandard mlxed model - fesfs from cer+a|n multivariate hypo-

theses. Procedures»for fesflng whefﬁe;,é{xed mode | assumpflons are tenable

" are discussed In Timm (1974).

7o
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